Some results in discontinuous fields and wave propogation  by Estrada, R. & Kanwal, R.P.
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 128, 3899404 (1987) 
Some Results in Discontinuous Fields 
and Wave Propogation 
R. ESTRADA 
Eseuela de Maremdtica, Universidad de Costa Rica 
San JOG, Costa Rica 
AND 
R. P. KANWAI. 
Department of Malhrmatics, Pennsylvania Srale University 
University Park, Pennsylvania 16802 
Submirred by V. Lakshmikantham 
Received May 19, 1986 
We present various applications of recently developed techniques which are an 
interplay between the differential geometry and the theory of distributions. We 
apply them to the microlocal theory, derive the general order transport equations 
for the strength of wave fronts, obtain the values of the jumps of the general Nth- 
order derivatives of the harmonic functions across the potential layers, and present 
the explicit formulas for an arbitrary order derivative of functions of the radial 
distance r. ?? 1987 Academic Press. Inc. 
1. INTRODUCTION 
We have recently Cl-41 presented certain differential geometric and dis- 
tributional techniques for the study of the propogation of wave fronts and 
multilayers. Among other results, we have derived the general formulas for 
the value of the jump of the derivative of an arbitrary order for a 
generalized function across a surface of discontinuity, i.e., the general order 
compatibility conditions. We have further developed the distributional 
analysis of multilayers. 
In this paper we present the applications of these formulas to various 
fields of applied mathematics. In Section 2 we present the applications to 
the microlocal theory. Section 3 is devoted to the derivation of the general 
order transport equations for the strength of the singular surfaces. In Sec- 
tion 4 we obtain the values of the jumps of general Nth-order differentials 
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of the harmonic functions across single layers and double layers. The final 
section is devoted to the derivation of explicit formulas for an arbitrary 
order derivative of functionsf(r) which depend only on the radial distance 
Y such as the Coulomb potential l/v. 
We start with a brief review of the formulas given in [3] that we shall 
need in the sequel. Let Z be a smooth surface in the p-dimensional space 
RP, represented locally by either an implicit equation of the form 
4x1, . . . . xP) = 0, or in terms of the curvilinear coordinates ur, . . . . up-, on 
the surface as xi = xi(u,, . . . . up- ,), i = 1,2, . . . . p, such that Vu # 0 and the 
rank of the matrix (ax,/&,) is p - 1. This surface divides the space into 
positive and negative parts so that the unit normal n(ni, i= 1, . . . . p) on the 
surface points in the positive direction. Iff is a smooth quantity defined on 
this surface, we define the a-derivative with respect o the space variables xi 
as 
(1.1) 
where 7 is any smooth function that extends f to Rp, d/dn stands for the 
normal derivative, g@ is the first fundamental form of the surface, and 
where we have used the summation convention. The corresponding &time 
derivative is given as 
where t is the time and G is the speed of C. We shall denote the vector 
(6f/6x,, . . . . Jfldx,), defined in (l.l), as Df which is clearly tangent to C, i.e., 
ni( 6f/6xi) = 0. 
Let us now introduce the matrices $‘J, P = 0, 1, 2, . . . . as 
pf) = 6, - n,n,, pL!?) = p = &J&. 
I/ v I’ 
pr+ 1) =&&. (1.3) 
Note that the matrix pLij is the second lindamental form of the surface C. In 
the case of a moving surface C(x, t), the quantities /Q) and pip) are also 
defined similarly, 
6n, 6G 6G 
Pit= at -= --2 
6Xi 
CL*,= -x7 (1.4) 
while pip+‘) and pip+‘) are defined by replacing j by t and (i, j) by (t, t) 
in (1.3). 
The higher fundamental forms denoted by kcN~ ‘), are the higher order 
analog of the matrices p(‘). The tensor kcN, P, are symmetric tensor of order 
N. They are defined recursively as follows. For N = 1, we have 
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and for N 2 1, we put 
It follows that X(N*O) =0, kc2* PI = CL(~), and 
W-3) 
Let F be a function which is defined and has derivatives of all orders in 
Rp/Z such that all of these derivatives have boundary values from both 
sides of Z. Let 
(1.7) 
Q = 1, 2, . . . . be the jump of the normal derivative of order Q of F across the 
front C. Then the jumps of an arbitrary order derivative of F can be 
expressed in terms of the quantities defined above. Indeed, if AQ are 
constants we have 
dPD NF [ 1 
NfP 
-qc, 
drip 
(N> P + Q)(A 0). 
Q=O 
When AQ is not a constant, we have 
dQNF [ 1 
N+P 
drip 
= C +f’, ~+Q)(AQ). 
Q=O 
(1.8) 
(1.9) 
The tensors C and S are functions of AQ and the higher fundamental forms 
of the surface. For instance, for N= 1 and 2 we have 
d’F,i L-1 An’ =Q~o~(-I)‘“II’P-Q)~+~(P+l)n. JJ I) (1.10) I 
and 
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respectively, where jig = 11: for P 2 1 and jil;“) = 6,,, and 
d2 Of,=-- 6 
6x, 6x, nrpAk 6x, 
Let B(C) denote the space of test functions c#(x, t) (smooth function of 
compact support) defined on the surface C, with its usual Schwartz 
topology [4]. Let g,‘(C) be the dual space of g(C), i.e., s’(Z) is the space 
of distributions defined on .Z. The delta function 6(C) of the surface Z is 
the distribution defined as 
where da(x) is the surface measure on C. The basic multilayer distribution 
d:6(Z) is defined as 
(1.13) 
with obvious modifications in formulas (1.12) and (1.13) when 4 is a 
function of x only. If f is any distribution of g’(C) then we can “multiply” 
it with the basic multilayer d,PG(C) to obtain the multilayerfd,P&C) defined 
by 
(1.14) 
This multilayer can also be written as d,P(fS(C)). We have derived the 
general Nth-order derivatives of these multilayers. For instance, the tirst- 
order derivatives are 
& (fd,pG(C))= ; 56 (,u$-Qf) d,e6(Z)+Jizid,‘+‘6(Z), 
I +,-#bXk 
(1.15) 
where bar stands for the distributional derivative. 
2. APPLICATIONS TO MICROLOCAL THEORY 
Much progress in the understanding of singularity propogation has been 
achieved recently by using the techniques of microlocal analysis. The basic 
idea that singularities have to be classified according to their frequencies 
goes back to Sato [5-73 who developed the basic theory of hyperfunctions. 
Other definitions were given by Iagolnitzer [S], Hbrmander, who gave his 
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celebrated theorem on the propagation of singularities [9-111, and other 
authors. 
If F(x) is a distribution defined in 9’(Rp) its singular support is the 
complement of the largest open set where F(x) is a smooth function. The 
set of singular frequencies of a distribution of compact support F(x), is the 
set S(F) of all ~ER~\{O} h aving no conic neighborhood V such that an 
estimate of the form 
Im <C(l+ 11511)-” (2.1) 
for the Fourier transform P of F holds for 5 E I’, where C and N are 
constants. If x belongs to the singular support of FE s’( Wp) we introduce 
the set S, of singular frequencies of F at x as 
the intersection taken among all 4 E g(iWP) with 4(x) # 0. The wave front 
set of the distribution F is the set 
wf(r;)=((X,S1~~pX(~p\{O)):S~S,tF)). (2.3) 
This set contains the exact information about the location of the 
singularities of F(x) and the frequencies of such singularities. Because of the 
invariance of W’(F) under dilatations of the second variable it is also com- 
mon practice to define the wave front set as a subset of Rp x .Zp, where Cp 
is the unit sphere in [wp (that is, by requiring that II 5 II = 1 in (2.2) above). 
In the case considered in this article of functions discontinuous across a 
surface, but otherwise smooth, the wave front set is well known: the 
singular support of the function F(x) coincides with the surface C and if 
XEC the conic set S, is invariant under translations in the direction of the 
normal n to C at n. When the jumps of all derivatives of F across C are 
smooth at x then the set S, coincides with the linear span of n. In the case 
of a moving surface of discontinuity E(t) we have the situation that at a 
point (x, t) of the moving surface the conic set Sex,,, is invariant under 
translations by (n, -G) and under the smoothness conditions on the jumps 
it reduces to the linear span of (n, -G); this, of course, means that at 
x EC(~) the singularity propagates in the normal direction with speed G. 
Similar considerations apply to multilayer distributions carried by a sur- 
face. 
To each distribution F whose singular support is contained in the surface 
C we associate a microdistribution or singularity spectrum {F} in the 
following way. Introduce the equivalence relation - given by g - g if f- g 
is smooth in all Rp; the microdistribution or singularity spectrum of F is 
the equivalence class {F} under this equivalence relation. As it is clear, for 
many problems we need to find only (F) and not the whole F. The basic 
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operations on distributions, such as, minus, products by smooth functions, 
and derivatives, extend immediately to microdistributions. 
Let us define the microdistributions d, = dk(C), K E Z7 by 
d, = {d,KW)}, K>O, (2.4) 
d -K -1= KY13 K>O, (2.5) 
where FK is a function smooth in the complement of C whose jumps across 
,Z satisfy 
dQFK [ 1 - = dnQ 6QKY Q = 0, 1, 2, . . . . 
Whenever F(x) is a function smooth in the complement 
normal jumps Ace) = [dQF/dnQ] across C, it is natural to 
microdistribution as 
(2.6) 
of C with 
expand its 
(F}=A”‘d~,+A”‘d~,+A’*‘d_,+... = c AcpK-‘)dK. (2.7) 
k=-s 
The general compatibility formulas given in [3] permit us to find 
expressions for the microdistributions associated with the derivatives (or, 
what is the same, for the drivatives of such microdistributions). In fact, if 
{F} has the expansion (2.7) then [ 1 ] 
8F i3F 
- = ax. + rli[Fl wa ax, , (2.8) 
where i?F/ax, is the generalized derivative while aF/ax, is the smooth 
function defined in the complement of C. It follows that 
But since [F] = A(O) and 
use of formula (1.10) yields 
(2.9) 
d-,+ ... , (2.10a) 
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or 
6A’Q’ 
xx+ A(-‘%q d,. 1 , (2.10b) 
These formulas can also be written as follows. If 
{F;> = Ad,, K< - 1, 
then 
(2.1 la) 
= Anid,+, +$d,+Klr,$, 
I J 
6A 
+K(K-l),&)-dd,~,+.~. 
rl 6Xj 
=An,dK+,+ f 
K! 6A 
Pl,n’-j$-Q. 
Q=o (K-Q)! J 
(2.11b) 
In other words, 
-$Ad,)=A,d,,,+ f K! 6A Q=. (Km Q)! ‘f)‘$-Q’ (2.12) I 
The corresponding formulas for K> 0 follow from (1.14) namely if 
{F} = Ad,, K>O, (2.13a) 
then 
= AnidK+ 1 + 2 !% (py-Q)A)d,. 
Q=O Q! 6Xj 
(2.13b) 
Similar considerations permit us to find the higher order derivatives of 
microdistributions from the general compatibility conditions [3]. 
3. DERIVATION OF THE TRANSPORT EQUATIONS 
Our general compatibility relations allows us to find the transport 
equations for the strength of the jumps of a discontinuous solution of a 
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partial differential equation, whose discontinuity is located at a (moving) 
surface. In fact, let us suppose that F is a solution of the equation 
L(F) = 0, 
where L is the partial derivative operator given by 
L(F)= ,f (ace), DQF). 
Q=O 
(3.1 
(3.2 
Here afQ)(x) is a smooth symmetric tensor of order Q and the scalar 
product between symmetric tensors is given by 
(ace), b’“‘) = ai, . ..i.h, . ..ia. 
If F is smooth except for a discontinuity across the surface ,Z then the 
strength of the discontinuity can be measured by the quantities A(Q) = 
[dQF/dnQ] . Since for every P 2 1 we have 
(3.4) 
use of the compatibility relations (1.9) yields the transport equations for 
the quantities A(“‘. 
Let us illustrate these ideas with a simple example. Let L be the operator 
L(F)=V’F-;fi$+a,g+ag+bF, 
I 
(3.5) 
and let F be a discontinuous solution, whose discontinuity is located at the 
moving surface Z(t). Since 
(3.6) 
where the bar denotes the generalized derivative and where 6’(C) = 
-o,&C)+ d,6(Z), pi =pii= -252, and Sz is the mean curvature of C. It 
follows that G2=c2; let us say G= c. The transport equation for A(‘) 
becomes 
(3.7) 
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The jump [L(F)] =0 gives us the transport equation for A(‘), namely 
CO1 -y+qq-~c A(1)+V2A(0) 
1 d2A(0) 6A’O’ 6A (‘) 
---++a, axi 2 at2 
--c~+w=o, (3.8) 
where we have used the fact that the surface moves according to G = c. The 
transport equation for Acp+ ‘) follows by using formulas (1.10) and ( 1.11) 
to compute the jump [(dP/dnP)(L(F))], which gives 
2 &4(f’+l) 
=---k 
P,t p (-l)f-Qp! 
C 6t 
CO--++iai-m 
C2 
A(P+*)+~A(P)+ c 
Q=O Q! 
where we used the convention that j$‘) means that r has to be replaced by t 
in the given expression. 
It is quite clear that the same transport equations will be obtained by 
computing the operator L applied to the microdistribution (F) and setting 
the result equal to 0. 
4. SINGLE AND DOUBLE LAYER POTENTIALS 
Let .Z be a surface in the space Rp and let g(x) be a function defined on 
2. Let us define the function G(x) by 
W=j$+(x--WY, x E w\c, (4.1) 
where 
& 1% I x I? p = 2, 
e(x) = 
1 
cop lxp2’ P23, 
(4.2) 
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CO, being the area of the unit sphere in RP. The function e(x) is the 
fundamental solution of Laplace’s equation in IR’. The function G(x) 
defined by (4.1) is called a single layer potential (due to the distribution 
(T(X) on C). 
Similarly, if p(x) is another function defined on Z, the function H(x) 
defined by 
H(x)= -s, P(Y) g (x-y)&, 
is called a double layer potential (due to the distribution p(x) on .Z). 
Both functions G and H are harmonic in the complement of the surface 
C and their jumps across this surface can be expressed in terms of cr and p. 
Formulas for the jumps of the first and second order partial derivatives of 
single and double layer potentials have been derived by several authors 
[l, 12-141. The general compatibility conditions permit us to obtain 
formulas for the jumps of higher order derivatives as well. 
Let F(x) be harmonic in the complement of ,Z and let p = [F] and 
c = [S/&z] be the jumps of F and its normal derivative across C. The 
general compatibility conditions allow us to write the jumps of arbitrary 
order derivatives of F in terms of the jumps A(‘), A(‘), A’*‘, . . . ; in this case 
the quantities ACQ’ can be expressed in terms of the basic jumps p and 0. In 
fact, from relation (1.11) it follows that 
(4.4a) 
and, more generally, 
(4.4b) 
dw-Q dA'0' (P-Q+ l)p~;-Q)DfsA’Q)+r-- 
r 6x, 
Qo,-,+,A!Q) 
+(-&/p+1)+~(~+2), (4.5) 
where oQ = $@. II 
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Equation (4.5) is a recurrence relation that permits us to compute 
ACP + *) once the previous A (Q) have been found. We obtain 
A’O’=p, (4.6a) 
A(‘)=0 , (4.6b) 
A’*‘= -v*p-qa, (4.6~) 
601 6P 
A’3’=qV*p+2p DQ+--- r.5 ,-A 6x 6x v*c+ (o*+o:) 0, (4.6d) r , 
and so on. 
Single Layer Potential 
In case F is a single layer potential, we have p =0 and therefore we 
obtain the following jump formulas 
L-F1 = 0, (4.7) 
dF [ 1 axi = bni. (4.8a) 
dF [ 1 - =o, dn (4.8b) 
60 60 
= (PLii - ml v,) 0 + 6 6~. + n, cy (4.9a) 
(4.9b) 
(4.9c) 
-ninjn,V2a+niDjZka+njDf,a+n,D$a 
6a 
+(Pjk-wlnjnk)-g 
I 
[ 
6% + ~~‘)+(w2+w:)ninin*-niniSI;- 
k 
awl 
-vk x- (n&k + njpik + nk& a1 1 0, (4.10a) I 
409/128/2-7 
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= -V2a + (0, + 0:) a, (4.10d) 
and so on. 
Double Layer Potential 
When F is a double layer potential we have a = 0 and therefore the 
following formulas are obtained 
CFI = P> (4.11) 
I~F 6p [ 1 - ani =2$ (4.12a) 
dF L-1 dn = 0, (4.12b) 
(4.13a) 
(4.13b) 
(4.13c) 
(4.14a) 
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d3F 
[- dn3 
= --A (V’p) + wniV2p + 2niPr,DfsP 
i 
(4.14c) 
(4.14d) 
and so on. 
5. EXPLICIT FORMULAS FOR THE ARBITRARY DERIVATIVES OF 
CERTAIN FUNCTIONS 
The problem of finding explicit formulas for the arbitrary order 
derivatives of certain functions has received some attention recently 
[15, 16-J. Our general compatibility formulas provide a method to handle 
some of these problems. In fact, Eq. (1.9) with P = 0 can be written as 
DNF= ; $$“~“‘(,#Q’), 
Q=O 
which gives a formula for the value of the derivatives of arbitrary order of 
the function F(x) at the surface C in terms of the quantities AtQ’ = dQF/dnQ 
and the operators !$J”, ‘1 which, in turn, are defined in terms of the funda- 
mental forms 3LtNy ‘I. In some cases, for appropriate choices of the surface 
Z; the quantities ACQ’ possess imple expressions and an explicit formula is 
therefore achieved. 
Let us consider the case of a function F(x) =f(r) that depends only on 
the distance Y from the point x to the origin. In order to find the values of 
DNP it is enough to find these values on an arbitrary sphere C of radius r,, 
and the center at the origin. Under these circumstances, the normal 
derivative becomes the derivative with respect o r and hence 
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Observe that in this case A’“’ is constant throughout the surface C and 
therefore Sg,“)(A’Q)) = ,4’Q)Ci N.O’ Taking this into account, we obtain the 
explicit formula 
DNF(x) = c fcQ’(r) Cg,O’, N3 1, (5.3) 
Q=l 
where the tensors Cy O) are given in terms of the fundamental forms LcN, ‘I 
of a sphere [3]. In particular, 
DF=f’(r) n, (5.4a) 
D’f’=f”(r) n* +f’(r) p, (5.4b) 
D3P=f”‘(r) n3 + 3f”(r) np +f’(r) hC3, I), (5.4c) 
D4F=f”“(r) n4 + 6f”‘(r) n2p +f”(r)[4nkc3- ‘) + 3p2] +f’(r) kc43 ‘), (5.4d) 
and so on. 
Similar consideratons apply to functions F(x, t) that depend only on the 
quantity p = r - ct, i.e., F(x, t) =f(p). If L’(t) is the moving sphere given by 
p = p. then the normal derivatives become 
(5.5) 
which remain constant throughout the moving surface. 
Since neither the normal n nor the speed G= c of the moving sphere 
depend on t it follows that the same is true of the tensors LcN, ‘I. Besides, it 
is easy to verify that 
and more generally 
PL, = Ptr = 03 (5.6) 
l(3. P) = p; P) = 0, 
It* (5.7a) 
/Jy. PI = pcpy + 1) 
ZJf Y ’ 
(5.7b) 
~‘N.P)-pc~‘N-l.P+l) - (5.8) 
from where it follows that if J d N - 2 indices of 1”“. ‘) are equal to t then 
~,I”:q,=P(P+l)...(P+J-1) &‘N-J.P+J’, (5.9) 
while kcN, ‘) vanishes if J 3 N - 1. 
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The formula for the drivatives of the function F(x, t) =f(p) takes the 
form 
DNF= $ f(Q)@) Cr. O), N3 1, (5.10) 
Q=l 
where it is understood that the indices in the tensor DNF can be replaced 
by space variables or by t. 
Particular cases, where the time variable t has been given a distinguished 
role, are 
g= -f’(p) G 
i DF= -f”(p) cn, 
; D2F= -j”‘(p) cn2 -f”(p) cp +f’(p) cpc2), 
t D3~= -f(“)(p) cn3 - 3f”‘(p) cnp 
+f”(p)[ -cb’3v l) + 3cnyC2)] +f’(p) cLc3, 2), 
$=f”(p) c2, 
-$- D~=f”t(~) c2n, 
-$ W~=p)(p) c2n2 +f”‘(p) C$ 
+ 27’(p) c2pC2) +2f’(p) c2pC3). 
(5.1 la) 
(5.11b) 
(5.1 lc) 
(5.11d) 
(5.12a) 
(5.12b) 
(5.12~) 
The present method can also be applied to functions F(x) =f(o) that 
depend only upon a homogeneous function a(x) by taking L as the surface 
0=(T0. 
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